Leibniz superalgebras with a set grading by Albuquerque, Helena et al.
ar
X
iv
:2
00
3.
12
60
7v
1 
 [m
ath
.R
A]
  2
7 M
ar 
20
20
LEIBNIZ SUPERALGEBRAS WITH A SET GRADING
HELENA ALBUQUERQUE, ELISABETE BARREIRO, A.J. CALDERO´N, AND JOSE´ M. SA´NCHEZ
ABSTRACT. Consider a Leibniz superalgebra L additionally graded by an arbitrary set I
(set grading). We show that L decomposes as the sum of well-described graded ideals plus
(maybe) a suitable linear subspace. In the case of L being of maximal length, the simplicity
of L is also characterized in terms of connections.
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Structure Theory.
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1. INTRODUCTION AND PREVIOUS DEFINITIONS
One one hand, Leibniz superalgebras arise as an extension of the Leibniz algebras (see
[15, 16], among others) in a similar way that Lie superalgebras extends to Lie algebras.
Indeed, the class of Leibniz superalgebras also extends the one of Lie superalgebras by
removing the skew-supersymmetry, which is of interest in the formalism of mechanics
of Nambu [11]. On the other hand, the interest in gradings on superalgebras has been
remarkable in the last years (for example see [12, 20] for the class of Lie superalgebras
and [8] for the case of the Jordan superalgebra K10). However gradings by means of an
arbitrary set, not necessarily a group, have been considered in the literature just in a slightly
way. This kind of graduation was presented in [17] and called Lie gradings. A complete
and recent review of the state of the art can be found in [13]. Motivated by the results
obtained for Lie and Leibniz algebras in [5, 18], respectively, in the present paper we study
arbitrary Leibniz superalgebras (not necessarily simple or finite-dimensional) and over an
arbitrary base fieldK graded by means of an arbitrary set I , by focusing on its structure. In
Section 2 we extend the techniques of connections in the support of the set-grading to the
framework of a Leibniz superalgebra so as to show that it is of the form L = U +
∑
j Ij
with U a linear subspace of a distinguish homogeneous subspace Lo and any Ij a well
described set-graded ideal of L, satisfying [Ij , Ik] = 0 if j 6= k. In the final section,
and under certain conditions, we focuss on those of maximal length and characterize the
simplicity of this class of superalgebras in terms of connections.
Definition 1.1. A Leibniz superalgebra (L, [·, ·]) is a Z2-graded algebra L = L0¯⊕L1¯ over
an arbitrary base field K endowed with a bilinear product [·, ·] satisfying
i. [x, y] ∈ Li¯+j¯
ii. [x, [y, z]] = [[x, y], z]− (−1)j¯k¯[[x, z], y] (Super Leibniz identity)
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for any homogenous elements x ∈ Li¯, y ∈ Lj¯ , z ∈ Lk¯, with i¯, j¯, k¯ ∈ Z2.
Definition 1.2. For an arbitrary (non-empty) set I, we say that a Leibniz superalgebra L
has a set grading (by means of I) or it is set-graded if
L =
⊕
a∈I
La,
for any a, b ∈ I; and either [La,Lb] = 0 or 0 6= [La,Lb] ⊂ Lc for some (unique) c ∈ I ,
and where the homogeneous components are (graded) linear subspace satisfying
La = L
0¯
a ⊕ L
1¯
a, being L
i¯
a := La ∩ L
i¯, for i¯ ∈ Z2. (1)
Clearly L0 is a set-graded Leibniz algebra (see [18]). Moreover, if the identity [x, y] =
−(−1)i¯j¯ [y, x], with i¯, j¯ ∈ Z2, holds then Super Leibniz identity becomes Super Jacobi
identity and so set-graded Leibniz superalgebras generalize set-graded Lie superalgebras
(therefore, also set-graded Lie algebras studied in [5]), which is of interest in the formalism
of mechanics of Nambu [11]. We note that a set grading of L provides a refinement of the
initial Z2-grading of L and that split Leibniz superalgebras, graded Leibniz superalgebras,
split Leibniz algebras, graded Leibniz algebras, split Lie superalgebras, graded Lie super-
algebras, split Lie algebras and graded Lie algebras are examples of set-graded Leibniz
superalgebras. Hence, the present paper also extends the results in [7]-[9].
The usual regularity concepts are considered in a graded sense (compatible with the
initial Z2-graduation of L). A Z2-graded subspace A = A0¯ ⊕ A1¯ of L is called a subsu-
peralgebra of L if [A,A] ⊂ A. A (graded) ideal I of L is a subsuperalgebra of L such
that [I,L] + [L, I] ⊂ I. A (graded) ideal I of L splits as
I =
⊕
a∈I
Ia =
⊕
a∈I
(I 0¯a ⊕ I
1¯
a) with any I
i¯
a := Ia ∩ L
i¯, i¯ ∈ Z2. (2)
The (graded) ideal I generated by{
[x, y] + (−1)i¯j¯ [y, x] : x ∈ Li¯, y ∈ Lj¯ , i¯, j¯ ∈ Z2
}
(3)
plays an important role in the theory since it determines the (possible) non-super Lie cha-
racter of L. From definition of ideal [I,L] ⊂ I and from Super Leibniz identity, it is
straightforward to check that this ideal satisfies
[L, I] = 0. (4)
Here we note that the usual definition of simple superalgebra lacks of interest in the
case of Leibniz superalgebras because would imply the ideal I = L or I = 0, being so
L an abelian (product zero) or a Lie superalgebra, respectively (see Equation (4)). Ab-
dykassymova and Dzhumadil’daev introduced in [1, 2] an adequate definition in the case
of Leibniz algebras (L, [·, ·]) by calling simple to the ones such that its only ideals are {0},
L and the one generated by the set {[x, x] : x ∈ L}. Following this vain, we consider the
next definition.
Definition 1.3. A set-graded Leibniz superalgebra L is called simple if [L,L] 6= 0 and its
only (graded) ideals are {0}, I and L.
Observe that from the grading of L and Equation (1) we get, for any a, b ∈ I, and i¯, j¯ ∈ Z2,
[Li¯a,L
j¯
b] ⊂ L
i¯+j¯
c
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with some (unique) c ∈ I . We call the support of the set grading to the set
S :=
{
a ∈ I : La 6= 0
}
.
We also denote by S0¯ :=
{
a ∈ I : L0¯a 6= 0
}
and by S1¯ :=
{
a ∈ I : L1¯a 6= 0
}
. So
S = S0¯ ∪S1¯, being a non necessarily disjoint union.
2. CONNECTIONS IN THE SUPPORT. DECOMPOSITIONS
We begin this section by developing, as the main tool, connections techniques in the
support of a set-graded Leibniz superalgebras. In the paper, L =
⊕
i∈S(L
0¯
i ⊕ L
1¯
i ) is an
arbitrary set-graded Leibniz superalgebra and the set S the support of the set grading. For
each a ∈ S, a new variable a˜ /∈ S is introduced and we denote by
S˜ :=
{
a˜ : a ∈ S
}
the set consisting of all these new symbols. For any a˜ ∈ S˜, we denote
(˜a˜) := a.
We will denote by P(A) the power set of a given set A. Next, we consider the following
operation,
⋆ : (S∪˙S˜)× (S∪˙S˜)→ P(S)
such as:
• for a, b ∈ S,
a ⋆ b :=
{
∅ if [La,Lb] = 0,
{c} if 0 6= [La,Lb] ⊂ Lc,
• for a ∈ S and b˜ ∈ S˜,
a ⋆ b˜ = b˜ ⋆ a := {c ∈ S : 0 6= [Lc,Lb] ⊂ La},
• for a˜, b˜ ∈ S˜,
a˜ ⋆ b˜ := ∅.
Given any subset ∅ 6= U ofS ∪ S˜, we write U˜ := {a˜ : a ∈ U}, and also ∅˜ := ∅.
At this moment we have to note that sometimes it is interesting to distinguish one ele-
ment o in the support of the grading, because the homogeneous space Lo has, in a sense,
a special behavior to the remaining elements in the set of homogeneous spaces La, for
a ∈ S. This is for instance the case in which the grading set I is an abelian group,
where the homogeneous space L0 associated to the unit element 0 in the group enjoys a
distinguished role. Indeed, if we consider the group grading determined by the Cartan
decomposition of a semisimple finite-dimensional Lie algebra, the homogeneous space as-
sociated to the unit element agrees with the Cartan subalgebraH . That is L0 = H , being
then dim(Lg) = 1 for any g in the support of the grading up to dim(L0) which is not
bounded by this condition. The same phenomenon happens for the more general case of
locally finite split Lie algebras and, in general, for group-graded Lie algebras of maximal
length (see [7, 19]). From here, we are going to feel free in our study to distinguish one
special element o in the support of the grading. Hence, let us now fix an element o such
that either o ∈ S satisfying the property o ⋆ a 6= {o} for any a ∈ S \ {o}, or o = ∅. Note
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that the possibility o = ∅ holds for the case in which it is not wished to distinguish any
element in S. Finally, we need to introduce the following mapping:
φ : P((S∪˙S˜) \ {o, o˜})× (S∪˙S˜)→ P((S∪˙S˜) \ {o, o˜}) defined as
• φ(∅,S∪˙S˜) = ∅,
• for any ∅ 6= U ∈ P((S∪˙S˜) \ {o, o˜}) and r ∈ S∪˙S˜,
φ(U , r) :=
((⋃
x∈U
(x ⋆ r)
)
\ {o}
)
∪
((⋃
x∈U
(x ⋆ r)
)
\ {o}
):
.
Note that for any U ∈ P((S∪˙S˜) \ {o, o˜}) and r ∈ S∪˙S˜ we get that
φ(U , r) = φ˜(U , r) (5)
and
φ(U , r) ∩S =
(⋃
x∈U
(x ⋆ r)
)
\ {o}.
Also observe that for any a ∈ S and r ∈ S∪˙S˜ we have that:
• a ∈ x ⋆ r for some x ∈ S if and only if x ∈ a ⋆ r˜,
• while a ∈ c ⋆ r for some c ∈ S˜ if and only if c˜ ∈ a˜ ⋆ r.
These facts together with Equation (5) imply that for any U ∈ P((S∪˙S˜) \ {o, o˜}) such
that U = U˜ and r ∈ S∪˙S˜ we have
a ∈ φ(U , r) ∩S if and only if a ∈ S and
either φ({a}, r˜) ∩ U ∩S 6= ∅ or φ({a˜}, r) ∩ U ∩S 6= ∅. (6)
Definition 2.1. Let a, b ∈ S \ {o}.We say that a is connected to b if there exists
{r1, r2, . . . , rn} ⊂ S∪˙S˜
such that
If n = 1 :
1. r1 = a = b.
If n ≥ 2 :
1. r1 ∈ {a, a˜}.
2. φ({r1}, r2) 6= ∅,
φ(φ({r1}, r2), r3) 6= ∅,
...
φ(φ(. . . φ({r1}, r2), . . . , rn−2), rn−1) 6= ∅.
3. b ∈ φ(φ(. . . φ({r1}, r2), . . . , rn−1), rn).
We say that {r1, r2, . . . , rn} is a connection from a to b.
The proof of the next result is analogous to the proof of [5, Proposition 2.1].
Proposition 2.1. The relation ∼ in S \ {o}, defined by a ∼ b if and only if a is connected
to b, is of equivalence.
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Given a ∈ S \ {o}, we denote by
[a] :=
{
b ∈ S \ {o} : b is connected to a
}
.
By Proposition 2.1 if t /∈ [a] then [a] ∩ [t] = ∅. Our next goal in this section is to associate
an (adequate) graded ideal L[a] to any [a], with a ∈ S \ {o}. For [a], we define the set
L[a],o := spanK
{
[Lb,Lc] : b, c ∈ [a]
}
∩ Lo =( ∑
b,c∈[a]
([L0¯b ,L
0¯
c ] + [L
1¯
b ,L
1¯
c ])⊕
∑
b,c∈[a]
([L0¯b ,L
1¯
c ] + [L
1¯
b ,L
0¯
c ])
)
∩ Lo (7)
⊂ L0¯
o
⊕ L1¯
o
,
last equality being consequence of Equation (1), where Lo := {0} whence o = ∅.We also
consider
V[a] :=
⊕
b∈[a]
Lb =
⊕
b∈[a]
(
L
0¯
b ⊕ L
1¯
b
)
.
Finally, we denote by L[a] the following (graded) subspace of L,
L[a] := L[a],o ⊕ V[a].
Proposition 2.2. For any a ∈ S \ {o}, the (linear) subspace L[a] is a Leibniz subsuperal-
gebra of L.
Proof. We have to check that L[a] satisfies [L[a],L[a]] ⊂ L[a]. Taking into account the
expression of L[a] and the bilinearity of the product, we have
[L[a],L[a]] = [L[a],o ⊕ V[a],L[a],o ⊕ V[a]]
⊂ [L[a],o,L[a],o] + [L[a],o, V[a]] + [V[a],L[a],o] + [V[a], V[a]]. (8)
Consider the above second summand [L[a],o, V[a]]. Taking into account L[a],o ⊂ Lo and
[Lo,La] ⊂ Lb for o ⋆ a = b ∈ S \ {o}, the connection {b, o˜} gives b ∼ a and we have
[L[a],o, V[a]] ⊂ V[a]. In a similar way [V[a],L[a],o] ⊂ V[a] and so
[L[a],o,⊕V[a]] + [V[a],L[a],o] ⊂ V[a]. (9)
Let us consider now the fourth summand [V[a], V[a]] in Equation (8). Suppose there exist
b, c ∈ [a] such that [Lb,Lc] 6= 0. So b ⋆ c = d ∈ S. If d = o then clearly [Lb,Lc] ⊂ Lo
and from Equation (7) we conclude [Lb,Lc] ⊂ L[a],o. Otherwise, if d ∈ S \ {o}, using
the connection {d, c˜} then b is connected to d and we conclude d ∈ [a]. Hence, [Lb,Lc] ⊂
Ld ⊂ V[a]. In conclusion
[V[a], V[a]] ⊂ L[a]. (10)
Finally, we consider the first summand [L[a],o,L[a],o] in (8). Suppose now there exist
b, c, b′, c′ ∈ [a] with b⋆c = o and b′ ⋆c′ = o such that
[
[Lb,Lc], [Lb′ ,Lc′ ]
]
6= 0. Requiring
to the expressions with Z2-graduation we have[ ∑
b,c∈[a]
[Lb,Lc],
∑
b′,c′∈[a]
[Lb′ ,Lc′ ]
]
⊂
∑
b, c, b′, c′ ∈ [a]
i¯, j¯, k¯, l¯ ∈ Z2
[
[Li¯b,L
j¯
c], [L
k¯
b′ ,L
l¯
c′ ]
]
.
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By Super Leibniz identity we get∑
b, c, b′, c′ ∈ [a]
i¯, j¯, k¯, l¯ ∈ Z2
[
[Li¯b,L
j¯
c], [L
k¯
b′ ,L
l¯
c′ ]
]
⊂
∑
b, c, b′, c′ ∈ [a]
i¯, j¯, k¯, l¯ ∈ Z2
([
[[Li¯b,L
j¯
c],L
k¯
b′ ],L
l¯
c′
]
+
[
[[Li¯b,L
j¯
c],L
l¯
c′ ],L
k¯
b′
])
⊂
∑
b, c, b′, c′ ∈ [a]
i¯, j¯, k¯, l¯ ∈ Z2
([
[Li¯+j¯
o
,Lk¯b′ ],L
l¯
c′
]
+
[
[Li¯+j¯
o
,Ll¯c′ ],L
k¯
b′
])
.
If [Li¯+j¯o ,L
k¯
b′ ] 6= 0, then [L
i¯+j¯
o ,L
k¯
b′ ] ⊂ L
i¯+j¯+k¯
d , with o ⋆ b
′ = d ∈ S \ {o}. Then {d, o˜} is a
connection from d to b′, so d ∈ [a]. We proceed similarly with [Li¯+j¯o ,Ll¯c′ ] to get
[L[a],o,L[a],o] ⊂ L[a]. (11)
From Equations (8)-(11) we have [L[a],L[a]] ⊂ L[a]. 
Proposition 2.3. For any [a] 6= [t] we have [L[a],L[t]] = 0.
Proof. We have
[L[a],L[t]] = [L[a],o ⊕ V[a],L[t],o ⊕ V[t]] ⊂
⊂ [L[a],o,L[t],o] + [L[a],o, V[t]] + [V[a],L[t],o] + [V[a], V[t]]. (12)
Consider the above fourth summand [V[a], V[t]] from (12) and suppose there exist b ∈ [a]
and u ∈ [t] such that [Lb,Lu] 6= 0. As necessarily b ⋆ u 6= ∅, then {b, u, b˜} is a connection
from b to u. By the transitivity of the connection relation we have a ∼ t, a contradiction.
Hence [Lb,Lu] = 0 and so
[V[a], V[t]] = 0. (13)
Consider now the third summand [V[a],L[t],o] and suppose exist b ∈ [a], u, v ∈ [t] such
that u ⋆ v = o and [Lb, [Lu,Lv]] 6= 0. Hence, there exist i¯, j¯, k¯ ∈ Z2 such that
[Li¯b, [L
j¯
u,L
k¯
v ]] 6= 0.
By Super Leibniz identity we get either [Li¯b,L
j¯
u] 6= 0 or [L
i¯
b,L
k¯
v ] 6= 0. From here, in any
case [V[a], V[t]] 6= 0, which contradicts Equation (13). In a similar way, we show that the
second summand [L[a],o, V[t]] is zero.
Finally, consider the first summand [L[a],o,L[t],o]. Suppose now there exist b, c ∈
[a], u, v ∈ [t] such that b ⋆ c = o and u ⋆ v = o, verifying [[Lb,Lc], [Lu,Lv]] 6= 0.
Requiring to the expression with Z2-graduation we have[
[Lb,Lc], [Lu,Lv]
]
=
∑
i¯, j¯, k¯, l¯ ∈ Z2
[
[Li¯b,L
j¯
c], [L
k¯
u,L
l¯
v]
]
.
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Taking now into account Super Leibniz identity we get∑
i¯, j¯, k¯, l¯ ∈ Z2
[
[Li¯b,L
j¯
c], [L
k¯
u,L
l¯
v]
]
⊂
∑
i¯, j¯, k¯, l¯ ∈ Z2
([
[[Li¯b,L
j¯
c],L
k¯
u],L
l¯
v
]
+
[
[Li¯b,L
j¯
c],L
l¯
v],L
k¯
u
])
⊂
∑
i¯, j¯, k¯, l¯ ∈ Z2
([
[Li¯b, [L
j¯
c,L
k¯
u]],L
l¯
v
]
+
[
[[Li¯b,L
k¯
u],L
j¯
c],L
l¯
v,
])⋃
∑
i¯, j¯, k¯, l¯ ∈ Z2
([
[Li¯b, [L
j¯
c,L
l¯
v]],L
k¯
u
]
+
[
[[Li¯b,L
l¯
v],L
j¯
c],L
k¯
u
])
.
which contradicts (13), so [[Lb,Lc], [Lu,Lv]] = 0.
By Equation (12) we conclude [L[a],L[t]] = 0 as required. 
Proposition 2.2 asserts that for any a ∈ S \ {o},L[a] is a Leibniz subsuperalgebra of L
that we call the Leibniz subsuperalgebra of L associated to [a].
Theorem 2.1. The following assertions hold.
1. For any a ∈ S \ {o}, the Leibniz subsuperalgebra
L[a] = L[a],o ⊕ V[a]
of L associated to [a] is an ideal of L.
2. If L is simple, then there exists a connection between any two elements ofS\ {o}.
Proof. 1. We have
[L[a],L] =
[
L[a],o ⊕ V[a],Lo ⊕
( ⊕
d∈S\{o}
Ld
)]
. (14)
In case [Lb,Ld] 6= 0 for some b ∈ [a] and d ∈ S\{o}, we have that 0 6= [Lb,Ld] ⊂ Ln,
with n ∈ S. If n 6= o the connection {b, d} gives us b ∼ n, so n ∈ [a] and then
[Lb,Ld] ⊂ V[a]. If n = o the set {b˜, o} is a connection from b to d and so d ∈ [a], hence
[Lb,Ld] ⊂ L[a],o. Therefore we get
[
V[a],
⊕
d∈S\{o}
Ld
]
⊂ L[a]. (15)
If we have [Lb,Lo] 6= 0 for some b ∈ [a], then b ⋆ o = {l} with l 6= o. So {b, o} is a
connection from b to l and then l ∈ [a]. From here
[V[a],Lo] ⊂ V[a]. (16)
Suppose now there exist b, l ∈ [a] with b ⋆ l = {o} and d ∈ S \ {o} such that
0 6= [[Lb,Ll],Ld] ⊂ Lm, being necessarily m 6= o. So for i¯, j¯, k¯ ∈ Z2 such that
0 6= [[Li¯b,L
j¯
l ],L
k¯
d] ⊂ L
i¯+j¯+k¯
m , by applying the Super Leibniz identity we get that either
0 6= [Li¯b, [L
j¯
l ,L
k¯
d]] ⊂ L
i¯+j¯+k¯
m or 0 6= [[L
i¯
b,L
k¯
d],L
j¯
l ] ⊂ L
i¯+j¯+k¯
m . In the first possibility, there
is n ∈ S such that 0 6= [Lj¯l ,L
k¯
d] ⊂ L
j¯+k¯
n . So the connection {b, n} gives us that b is
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connected to m and so m ∈ [a]. A similar result is obtained in second possibility and so
we can assert [
L[a],o,
⊕
d∈S\{o}
Ld
]
⊂ V[a]. (17)
Finally, suppose there exist b, l ∈ [a] with b⋆l = {o} satisfying 0 6= [[Lb,Ll],Lo] ⊂ Ln
with n ∈ S. If n 6= o we have as above that n ∈ [a]. If n = o, there exist i¯, j¯, k¯ ∈ Z2
such that 0 6= [[Li¯b,L
j¯
l ],L
k¯
o] ⊂ L
i¯+j¯+k¯
o . By the Super Leibniz identity we have that either
0 6= [Li¯b, [L
j¯
l ,L
k¯
o]] ⊂ L
i¯+j¯+k¯
o or 0 6= [[L
i¯
b,L
k¯
o],L
j¯
l ] ⊂ L
i¯+j¯+k¯
o . In the first possibility
l ⋆ o = {r}, for some r ∈ S\ {o}, being {l, o} a connection from l to r. From here r ∈ [a]
and 0 6= [Lb, [Ll,Lo]] ⊂ [Lb,Lr] ⊂ L[a],o. In the second possibility we obtain the same
result, so we can summarize this paragraph by asserting
[L[a],o,Lo] ⊂ L[a]. (18)
From equations (14)-(18) we conclude the proof.
2. The simplicity of L implies L[a] = L for any [a] ∈ (S \ {o})/ ∼. From here
[a] = S \ {o} and so any couple of elements in S \ {o} is connected. 
Notation 2.2. Let us denote
LS,o :=
( ∑
b, c ∈ S \ {o}
b ⋆ c = {o}
[Lb,Lc]
)
∩ Lo
In what follows, we use the terminology I[a] := L[a] where L[a] is one of the ideals of L
described in Theorem 2.1-1.
Theorem 2.2. For a vector space U complement of LS,o in Lo, it follows
L = U +
∑
[a]∈(S\{o})/∼
I[a].
Moreover,
[I[a], I[t]] = 0,
whenever [a] 6= [t].
Proof. From L = Lo ⊕
( ⊕
a∈S\{o}
La
)
=
(
U ⊕ LS,o
)
⊕ (
⊕
a∈S\{o}
La), it follows
⊕
a∈S\{o}
La =
⊕
[a]∈(S\{o})/∼
V[a], LS,o =
∑
[a]∈(S\{o})/∼
L[a],o,
which implies
L =
(
U ⊕ LS,o
)
⊕
( ⊕
a∈S\{o}
La) = U +
∑
[a]∈(S\{o})/∼
I[a],
where each I[a] is an ideal of L by Theorem 2.1. Now, given [a] 6= [t], the assertion
[I[a], I[t]] = 0,
follows from Proposition 2.3. 
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Corollary 2.1. If o = ∅, then
L =
⊕
[a]∈S/∼
L[a],
where any L[a] is one of the ideals given in Proposition 2.1.
We recall that the center of a Leibniz superalgebra L is the set
Z(L) :=
{
x ∈ L : [x,L] + [L, x] = 0
}
,
and we say that Lo is tight whence either Lo = {0} or Lo =
∑
a,b∈S\{o},a⋆b={o}[La,Lb].
Corollary 2.2. Suppose L is centerless and Lo is tight, then the set-graded Leibniz supe-
ralgebra L decomposes as the direct sum of the ideals given in Theorem 2.1,
L =
⊕
[a]∈(S\{o})/∼
L[a].
Proof. By Theorem 2.2, since U = 0, we just have to show the direct character of the sum.
Given
x ∈ L[a] ∩
∑
[t] ∈ (S \ {o})/ ∼
t ≁ a
L[t],
by using the fact [L[a],L[t]] = 0 for [a] 6= [t] we obtain
[x,L[a]] +
[
x,
∑
[t] ∈ (S \ {o})/ ∼
t ≁ a
L[t]
]
= 0,
[L[a], x] +
[ ∑
[t] ∈ (S \ {o})/ ∼
t ≁ a
L[t], x
]
= 0.
It implies [x,L] = [L, x] = 0, that is, x ∈ Z(L) and so x = 0 as desired. 
3. THE SIMPLE COMPONENTS
In this section we focus on the simplicity of set-graded Leibniz superalgebras by cen-
tering our attention in those of maximal length. This terminology is taking patterned from
the theory of gradations of Lie and Leibniz algebras (see for example [3, 4, 14]). See also
[4, 6, 9, 10, 19] for examples.
Definition 3.1. We say that a set-graded Leibniz superalgebra L is of maximal length if
dim(Li¯a) ∈ {0, 1} for any a ∈ S \ {o} and i¯ ∈ Z2.
Our target is to characterize the simplicity of L in terms of connectivity properties inS.
Thereforewe would like to attract attention to the definition of simple Leibniz superalgebra
given in Definition 1.3, and the previous discussion.
The following lemma is consequence of the fact that the set of multiplications by ele-
ments in Lo is a commuting set of diagonalizable endomorphisms and I is invariant under
this set.
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Lemma 3.1. Let L = Lo ⊕ (
⊕
a∈S\{o} La) be a set-graded Leibniz superalgebra. If I is
a set-graded ideal of L then
I = (I ∩ Lo)⊕
( ⊕
a∈S\{o}
(I ∩ La)
)
.
From now on L = Lo ⊕
(⊕
a∈S\{o} La
)
denotes a set-graded Leibniz superalgebra of
maximal length without further mention. In this case, we begin by observing that Lemma
3.1 allows us to assert that given any nonzero (set-graded) ideal I = I 0¯ ⊕ I 1¯ of L then
I = (I ∩ Lo)⊕
( ⊕
a∈S\{o}
I ∩ La
)
=
= (I ∩ Lo)⊕
( ⊕
a∈S\{o}
(
(I 0¯ ∩ L0¯a)⊕ (I
1¯ ∩ L1¯a)
))
= (I ∩ Lo)⊕
(⊕
a∈S0¯
I
L
0¯
a
)
⊕
(⊕
b∈S1¯
I
L
1¯
b
)
(19)
whereSi¯I :=
{
a ∈ S \ {o} : I i¯ ∩ Li¯a 6= 0
}
, for i¯ ∈ Z2. In the important case of the ideal
I = I defined by (3), we get
I = (I ∩ Lo)⊕
( ⊕
a∈S0¯
I
L
0¯
a
)
⊕
(⊕
b∈S1¯
I
L
1¯
b
)
(20)
with Si¯
I
:=
{
a ∈ S \ {o} : Ii¯ ∩ Li¯a 6= 0
}
=
{
a ∈ S \ {o} : 0 6= Li¯a ⊂ I
i¯
}
, for i¯ ∈ Z2.
From here, we can write
S \ {o} = (S0¯I∪˙S
0¯
¬I)︸ ︷︷ ︸
S0¯\{o}
∪ (S1¯I∪˙S
1¯
¬I)︸ ︷︷ ︸
S1¯\{o}
(21)
whereSi¯¬I :=
{
a ∈ S \ {o} : Li¯a 6= 0 and I
i¯ ∩ Li¯a = 0
}
for i¯ ∈ Z2. We also denote
SΥ := S
0¯
Υ ∪S
1¯
Υ, forΥ ∈ {I,¬I}.
Hence, we can write
L =
(
L
0¯
o
⊕ L1¯
o
)
⊕
( ⊕
a∈S0¯
I
L
0¯
a
)
⊕
( ⊕
b∈S0¯
¬I
L
0¯
b
)
⊕
(⊕
c∈S1¯
I
L
1¯
c
)
⊕
( ⊕
d∈S1¯
¬I
L
1¯
d
)
. (22)
Remark 3.1. Since our aim in this section is to characterize the simplicity of L, in terms of
connections, Theorem2.1-2 gives us that we have to center our attention in those set-graded
Leibniz superalgebras satisfying Lo =
∑
a,b∈S\{o},a⋆b={o}[La,Lb]. This is for instance
the case whenceL = [L,L]. We would like to note that ifLo =
∑
a,b∈S\{o},a⋆b={o}[La,Lb],
then the decomposition given by Equation (22) and Equation (4) show
Lo =
( ∑
a∈S0¯,b∈S0¯
¬I
,a⋆b={o}
[L0¯a,L
0¯
b ] +
∑
a∈S1¯,b∈S1¯
¬I
,a⋆b={o}
[L1¯a,L
1¯
b ]
︸ ︷︷ ︸
L0¯
o
)
⊕
( ∑
a∈S1¯,b∈S0¯
¬I
,a⋆b={o}
[L1¯a,L
0¯
b ] +
∑
a∈S0¯,b∈S1¯
¬I
,a⋆b={o}
[L0¯a,L
1¯
b ]
︸ ︷︷ ︸
L1¯
o
)
. (23)
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Now, observe that the concept of connectivity given in Definition 2.1 is not strong
enough to detect if a given a ∈ S belongs to Si¯
I
or to Si¯¬I, for some i¯ ∈ Z2. Conse-
quently we lose the information respect to whether a given component La intersects to I
in a non-trivial way or not, which is fundamental to study the simplicity of L. So, we are
going to make more accurate the previous concept of connection.
Definition 3.2. Let a ∈ Si¯Υ and b ∈ S
j¯
Υ with Υ ∈ {I,¬I} and i¯, j¯ ∈ Z2. We say that a is
¬I-connected to b, denoted by a ∼¬I b, if either a = b or there exists a family of elements
{r1, r2, . . . , rn} such that for k = 2, . . . , n it follows that rk ∈ S
i¯k
¬I for some i¯k ∈ Z2,
and
1. r1 = a.
2. φ({r1}, r2) ∈ S
i¯+i¯2
Υ ,
φ(φ({r1}, r2), r3) ∈ S
i¯+i¯2+i¯3
Υ ,
...
φ(. . . φ({r1}, r2), . . . , rn−1) ∈ S
i¯+i¯2+···+i¯n−1
Υ ,
φ(φ(. . . φ({r1}, r2), . . . , rn−1), rn) ∈ S
i¯+i¯2+···+i¯n−1+i¯n
Υ
3. b ∈ φ(φ(. . . φ({r1}, r2), . . . , rn−1), rn) and i¯+ i¯2 + · · ·+ i¯n−1 + i¯n = j¯.
The set {r1, r2, . . . , rn} is called a ¬I-connection from a to b.
Let us introduce the notion ofS-multiplicativity in the framework of set-graded Leibniz
superalgebras of maximal length, in a similar way to the ones for split Lie algebras, split
Lie superalgebras and split Leibniz algebras among other split algebraic structures (see
[6, 9, 10] for these notions and examples).
Definition 3.3. A set-graded Leibniz superalgebra of maximal lengthL isS-multiplicative
if the following conditions hold:
(1) Given a ∈ Si¯¬I and b ∈ S
j¯
¬I such that a ∈ b ⋆ r for some r ∈ S
k¯∪˙S˜k¯ then
L
i¯
a ⊂ [L
j¯
b,L
k¯
r + L
k¯
r˜ ].
(2) Given c ∈ Si¯
I
and d ∈ Sj¯
I
such that c ∈ d ⋆ r for some r ∈ Sk¯¬I∪˙S˜
k¯
¬I then
L
i¯
c ⊂ [L
j¯
d,L
k¯
r + L
k¯
r˜ ],
where Lk¯l denotes the empty set when l is a symbol in S˜.
Definition 3.4. We say that SΥ, with Υ ∈ {I,¬I}, has all of its elements ¬I-connected
if for any i¯, j¯ ∈ Z2 we have that Si¯Υ has all of its elements connected to any element in
S
j¯
Υ.
Proposition 3.1. Suppose that L is S-multiplicative, Lo =
∑
c,d∈S\{o},c⋆d={o}[Lc,Ld],
|S¬I| > 1 and S¬I has all of its elements ¬I-connected. Then any nonzero ideal I of L
such that I * Lo + I satisfies that I = L.
Proof. Since I * Lo + I, there exists a0 ∈ Si¯0¬I such that
0 6= Li¯0a0 ⊂ I. (24)
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for some i¯0 ∈ Z2 (see Equation (22)). Given now any a ∈ S
j¯
¬I \ {a0} with j¯ ∈ Z2,
being then 0 6= Lj¯a, the fact that a0 and a are ¬I-connected gives us a ¬I-connection
{r1, r2, . . . , rn} from a0 to a such that
r1 = a0 ∈ S
i¯0
¬I, rk ∈ S
i¯k
¬I fork = 2, . . . , n,
r1 ⋆ r2 ∈ S
i¯0+i¯2
¬I , . . . , r1 ⋆ r2 ⋆ · · · ⋆ rn−1 ∈ S
i¯0+i¯2+···+i¯n−1
¬I and finally
r1 ⋆ r2 ⋆ · · · ⋆ rn−1 ⋆ rn ∈ S
i¯0+i¯2+···+i¯n−1+i¯n
¬I ,
with r1 ⋆ r2 ⋆ · · · ⋆ rn−1 ⋆ rn = a and i¯0 + i¯2 + · · ·+ i¯n−1 + i¯n = j¯.
Consider r1, r2 and r1 ⋆ r2. Since r1 = a0 ∈ S
i¯0
¬I, r2 ∈ S
i¯2
¬I and r1 ⋆ r2 ∈ S
i¯0+i¯2
¬I , the
S-multiplicativity and maximal length of L show
0 6= [Li¯0r1 ,L
i¯2
r2 ] = L
i¯0+i¯2
r1⋆r2 ,
and by Equation (24)
0 6= Li¯0+i¯2r1⋆r2 ⊂ I.
We can argue in a similar way from r1 ⋆ r2, r3 and r1 ⋆ r2 ⋆ r3. That is, r1 ⋆ r2 ∈
S
i¯0+i¯2
¬I , r3 ∈ S
i¯3
¬I and r1 ⋆ r2 ⋆ r3 ∈ S
i¯0+i¯2+i¯3
¬I . Hence
0 6= [Li¯0+i¯2r1⋆r2 ,L
i¯3
r3 ] = L
i¯0+i¯2+i¯3
r1⋆r2⋆r3 ,
and by the above
0 6= Li¯0+i¯2+i¯3r1⋆r2⋆r3 ⊂ I.
Following this process with the ¬I-connection {r1, . . . , rn} we obtain that
0 6= L
i¯0+i¯2+···+i¯n−1+i¯n
r1⋆r2⋆r3⋆···⋆rn ⊂ I
and so Lj¯a ⊂ I . In conclusion, for any a ∈ S
j¯
¬I \ {a0} with j¯ ∈ Z2, we have
L
j¯
a ⊂ I. (25)
Let us now verify that in case 0 6= Li¯0+1¯a0 for i¯0 + 1¯ ∈ Z2, we have 0 6= L
i¯0+1¯
a0 ⊂ I.
Indeed, since |S¬I| > 1, we can take b ∈ Si¯¬I, for some i¯ ∈ Z2, such that b 6= a0.
By Equation (25), it satisfies 0 6= Li¯b ⊂ I . Hence we can argue as above with the S-
multiplicativity and maximal length of L from b instead of a0, to get that in case a0 ∈ Sk¯¬I
for k¯ ∈ Z2, then
0 6= Lk¯a0 ⊂ I. (26)
Since Lo =
∑
a,b∈S,a⋆b={o}[La,Lb], Remark 3.1 and Equations (25), (26) give us
Lo ⊂ I. (27)
Now consider a ∈ Si¯
I
, for any i¯ ∈ Z2. For all b ∈ S
j¯
¬I, with j¯ ∈ Z2, we have
[Li¯a,L
j¯
b] = L
i¯+j¯
d . If d = o, by (27) we get [L
i¯
a,L
j¯
b] ⊂ I. Otherwise, d = a ⋆ b ∈ S
i¯+j¯
I
. So
the ¬I-connection {a, b} implies that d ∼¬I a and therefore Li¯a ⊂ I for any i¯ ∈ Z2. So
I ⊂ I. The decomposition of L in Equation (22) finally gives us I = L. 
Let us introduce an interesting notion related to a set-graded Leibniz superalgebra of
maximal length L. We wish to distinguish the elements of L which annihilate the “Lie
type elements” of I, so we have the following definition.
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Definition 3.5. The Lie-annihilator of a set-graded Leibniz superalgebra of maximal length
L is the set
ZLie(L) :=
{
x ∈ L : [x,La] + [La, x] = 0, for any a /∈ SI
}
.
Observe that Z(L) ⊂ ZLie(L).
Proposition 3.2. Suppose that L is S-multiplicative, Lo =
∑
b,c∈S\{o},b⋆c={o}[Lb,Lc],
ZLie(L) = 0, |SI| > 1 and SI has all of its elements ¬I-connected. Then any nonzero
ideal I of L such that I ⊂ I satisfies I = I.
Proof. By Equation (19) we can write
I = (I ∩ Lo)⊕ (
⊕
b∈S0¯
I
L
0¯
b)⊕ (
⊕
c∈S1¯
I
L
1¯
c)
where Si¯I := {d ∈ S : I
i¯ ∩ Li¯d 6= 0} = {d ∈ S : 0 6= L
i¯
d ⊂ I
i¯} and Si¯I ⊂ S
i¯
I
, for any
i¯ ∈ Z2.
First, we show that
I ∩ Lo ⊂ ZLie(L). (28)
Indeed, fix some i¯ ∈ Z2 and for any a /∈ SI and j¯ ∈ Z2 we have
[I ∩ Li¯
o
,Lj¯a] + [L
j¯
a, I ∩ L
i¯
o
] ⊂ Li¯+j¯b ⊂ I
where b = a ⋆ o. Let us suppose that [I∩Li¯
o
,Lj¯a]+ [L
j¯
a, I∩L
i¯
o
] 6= 0. We have b ∈ SI. So
a is connected with b using {a, o} and a ∈ SI, a contradiction. So [I∩Li¯o,L
j¯
a] + [L
j¯
a, I∩
L
i¯
o
] = 0 for each i¯, j¯ ∈ Z2 and a /∈ SI. So I ∩ Lo ⊂ ZLie(L).
From the above I ∩ Lo ⊂ ZLie(L) = 0 and we can write
I = (
⊕
a∈S0¯
I
L
0¯
a)⊕ (
⊕
b∈S1¯
I
L
1¯
b). (29)
Taking into account I ∩ Lo ⊂ I ∩ Lo = 0, we also can write
I = (
⊕
a∈S0¯
I
L
0¯
a)⊕ (
⊕
b∈S1¯
I
L
1¯
b),
withSi¯I ⊂ S
i¯
I
for i¯ ∈ Z2. Hence, we can take some a0 ∈ Si¯I such that
0 6= Li¯a0 ⊂ I. (30)
Now, we can argue with the S-multiplicativity and the maximal length of L as in Propo-
sition 3.1 to conclude that given any a ∈ Sj¯
I
\ {a0}, with j¯ ∈ Z2, there exists a ¬I-
connection
{r1, r2, . . . , rn}
from a0 to a such that
0 6= [[. . . [Li¯a0 ,L
i¯2
r2 ], . . . ],L
i¯n
rn ] = L
j¯
a ⊂ I. (31)
Now we have to study whether Lk¯a0 ⊂ I in case a0 ∈ S
k¯
I
for k¯ ∈ Z2. To do that, observe
that the fact |SI| > 1 allows us to take an element b ∈ Si¯I \ {a0}, for some i¯ ∈ Z2, such
that satisfies 0 6= Li¯b ⊂ I , by Equation (31). Hence we can argue as above with the S-
multiplicativity and maximal length of L from b instead of a0, to get that in case a0 ∈ S
k¯
I
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for k¯ ∈ Z2, then 0 6= Lk¯a0 ⊂ I. The decomposition of I in Equation (29) finally gives us
I = I. 
Theorem 3.1. Suppose that a set-graded Leibniz superalgebra L of maximal length is S-
multiplicative, |S¬I| > 1, |SI| > 1, Lo =
∑
b,c∈S\{o},b⋆c={o}[Lb,Lc] andZLie(L) = 0.
In this conditions, L is simple if and only if SI and S¬I have (respectively) all of their
elements ¬I-connected.
Proof. First assume that L is simple. Fix some a ∈ Si¯¬I with i¯ ∈ Z2. Let us denote by
I(Li¯a) the set-graded ideal of L generated by L
i¯
a. By simplicity I(L
i¯
a) = L. Observe that
Remark 3.1 together with Super Leibniz identity allow us to assert that I(Li¯a) is contained
in the linear span of the set{
[[. . . [va, vb1 ], . . . ], vbn ]; [vbn , [. . . [va, vb1 ], . . . ]];
[[. . . [vb1 , va], . . . ], vbn ]; [vbn , [. . . [vb1 , va], . . . ]] with 0 6= va ∈ L
i¯
a,
0 6= vbi ∈ L
j¯i
bi
, bi ∈ S, j¯i ∈ Z2 and n ∈ N
}
being a ⋆ b1, a ⋆ b1 ⋆ b2, . . . , a ⋆ b1 ⋆ b2 ⋆ · · · ⋆ bn nonzero elements. From here, given any
a′ ∈ Sj¯¬I with j¯ ∈ Z2, the above observation gives us that we can write a
′ = a⋆b1⋆· · ·⋆bn
with any bi ∈ S
j¯i
¬I and being a ⋆ b1 ⋆ · · · ⋆ bk ∈ S
i¯+j¯1+···+j¯k
¬I (observe that in case some
bi ∈ S
j¯i
I
or some “sum” of elements belongs to Sh¯
I
, then either the product involving vbi
or the “sum” is o, or implies a′ ∈ Sj¯
I
. Hence any bi ∈ S
j¯i
¬I and the “sums” are in S
h¯
¬I).
From here, we have that {a, b1, . . . , bn} is a ¬I-connection from a to a
′ and we can assert
that S¬I has all of its elements ¬I-connected. If SI 6= ∅. A similar argument as above
implies thatSI has all of its elements ¬I-connected.
Conversely, consider I a nonzero ideal ofL and let us show that necessarily either I = I
or I = L. Let us distinguish two possibilities:
• If I * Lo + I, from Proposition 3.1 we obtain that I = L.
• If I ⊂ Lo + I, observe that I ∩ Lo ⊂ ZLie(L). Indeed, for any a /∈ SI, with
a 6= o and i¯, j¯ ∈ Z2 we have [I ∩ Li¯o,L
j¯
a] + [L
j¯
a, I ∩ L
i¯
o] ⊂ I ∩ L
i¯+j¯
b ⊂ I, where
b = a ⋆ o 6= o. So as above a is connected with b, a contradiction with a /∈ SI.
So [I ∩ Li¯o,L
j¯
a] + [L
j¯
a, I ∩ L
i¯
o] = 0. From here
I ∩ Lo ⊂ ZLie(L) = 0.
Hence Lemma 3.1 gives us I ⊂ I. Finally Proposition 3.2 implies I = I and the
proof is complete.

It remains to study the cases in which either |S¬I| ≤ 1 or |SI| ≤ 1.
Proposition 3.3. Suppose that a set-graded Leibniz superalgebra L of maximal length is
S-multiplicative, Lo =
∑
b,c∈S\{o},b⋆c={o}[Lb,Lc], ZLie(L) = 0 and S¬I, SI have
(respectively) all of their elements ¬I-connected. If either |S¬I| ≤ 1 or |SI| ≤ 1, then:
(1) either L is a simple set-graded Leibniz superalgebra,
(2) or L = Lo ⊕ I ⊕ I, where I = La is a one-dimensional subalgebra of L with
S¬I = {a}.
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Proof. Suppose L is not simple. Then there exists a non-zero ideal I of L such that I /∈
{I,L}. Let us distinguish three cases:
1. |SI| ≤ 1 and |S¬I| > 1. If I * Lo + I, we have as in Proposition 3.1 that I = L.
From here I ⊂ Lo + I. Since we get I ∩ Lo = 0 as in Theorem 3.1 we have
I ⊂ I.
Let us show that necessarily |SI| 6= 1. Indeed, if |SI| = 1, then SI = {a} and so either
a ∈ S0¯
I
∩ S1¯
I
or a ∈ Si¯
I
with a /∈ Si¯+1¯
I
, for certain i¯ ∈ Z2. We have as in Proposition
3.2 that for some j¯ ∈ Z2, 0 6= Lj¯a ⊂ I (in the second case j¯ = i¯). Since ZLie(L) = 0,
there exists b ∈ Sk¯¬I such that [L
j¯
a,L
k¯
b ] + [L
k¯
b ,L
j¯
a] 6= 0 and so a ⋆ b ∈ S
j¯+k¯
I
. From here
as SI = {a}, a ⋆ b = a and so b = o, a contradiction. Hence the situation |SI| ≤ 1 and
|S¬I| > 1 is impossible.
2. |S¬I| ≤ 1 and |SI| > 1. If I ⊂ Lo + I, we have as in item 1. that I ⊂ I and then
by Proposition 3.2 we obtain I = I, a contradiction because I /∈ {I,L}. From here
I * Lo + I.
Since Equation (23) gives us |S¬I| 6= 0 (in the opposite case Lo = 0), hence |S¬I| = 1.
From Equation (23) we get straightforward the case (2).
3. |SI| ≤ 1 and |S¬I| ≤ 1. If I ⊂ Lo + I we have as in item 1., a contradiction.
If I * Lo + I, by arguing as in item 2., we prove that necessarily possibility (2) holds,
completing the proof. 
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